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Free energy (the action) for static distribution of wedge dislocation
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Notations

3 ; : : j ' .
R” - continuous elastic media = Euclidean three-dimensional space

X% a=12,3 -global curvilinear coordinates
0,5 (X) - Riemannian metric da, (7) - wedge dislocation axis
R(g) - the scalar curvature g, :=(ili - velosity (tangent vector)
m, =470, - deficit angles | :1,...,TN - the number of dislocations

Equations of equilibrium

1 1

R.-=-g .,R=—
op =5 Jap > op

where T4 = \/—Z |q|aQ|,35(X q)
q'|a = —Fﬁ/‘quﬂqr Q|

S(x—0)=35(x"-q")5(x* —q°)



Canonical Formulation

A A o L .
(Xl, X°, X3) —> (X3, Xt X2) - reordering of coordinates P - notations
o — >
N“+N’N_ N, el |
Jop = o - ADM parameterization of 3D metric
Nﬂ 9uv
where N - lapse and Nﬂ- shift functions g,y - 2D metric on slices x> = const

(gw, p*") (4), P,,) - coordinates and conjugate momenta

HE = J-d X( p“"g,, —NH] P —N ﬂHf,O)) - the Hilbert-Einstein action

o) L 2\ 2B A
Hj):g(p‘”pw—p )—eR é:=detg,,
U 2 - general relativity constraints



S| = J-dT( P41 — Q?Gl ) - the action for wedge dislocations

G, = pIB_N“pIﬂ+N\/m|2_ pi =0 -firstclass constraints 1 =1...,N

A2 - -
Py =P, 0,9 7, b 7,(7,) - local invariance

The gauge C'Iio’=1 = | 5 :J‘dz—(plluqllu_N\/mlz_ﬁI2+N’upl,u)

Py =0, py =0 - primary constraints

LA & z
H, :E< P Py~ pz)—eR+Z\/m|2 0 pI2 o(x-0q)=0
: - secondary constraints

H,u :_Zﬁvpvﬂ_z p,ﬂ5(x—q,):O
|

St :J‘d3x(pwgw +IZ P di'0(x—q)—NH - N”Hﬂj - total Hamiltonian




Secondary constraints

1 A 2
H_]_ :g( pﬂvp’uv_ p2)_eR+Z\/m|2— p|2 5(X_q):O
|

H,u :—Z%vaﬂ—z p|ﬂ5(X—q|)=O
|

Equations for metric

2N 2N

gW: 5 O e 5 gwp+VﬂNv+VvNﬂ,
- LV N . v o 2N v v ALANIAMY UV
p,u zz_ég:u (pp ppa_pz)_ é (p/’lpp p_p,u p)_i_e(ANg;u _VILIV N)
T NY _ APV NA 1o P MY Pi Py
=PV N pEYN +Vp(N D )—NZ —L—3(x-q,)
|2\/m,—pI
Equations for dislocations axes
: N
4 =— = pi’ —N*
ym?-p?| . 3
ply:_ﬁy[N\/mf—ﬁE_vaw} 4

X=qQ,



Complex coordinates

(2, x%) > (2,Z) where Z=X'+ix*, Z:=x —ix°

Gauge fixing

_ o2 . &
g, =€76,, -conformally flat metric &, =

N~

p:=p“g,, =0 -the third gauge condition
T i z 2
p'z=py+ip, P, =py—ipy,

D=0l 0 Gy 0 IS

O N



Solution of the kinematical constraints

7 1 7 1 P
H,=0 = 6,p",=—=> p,6(z-2)) = p’,=——> —L
H zP 2 % P20 1) b D i Tl

Center of mass coordinate system: Z P, =0
|

ol Pu_2(2) H (2-2,)
H|(Z_Z) H|(Z Z,)

where C(z,,p,,) = Z P, Z Z;

J#l

Asymptotic behavior:

7 1 4
0 - P

27, 2w 71—1,
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Solution of the Dynamical Constraint

H =0 = 2A¢:2p7zpzfe_2¢+2\/m|2_4p|zp|ze_2¢ 6(z-1))
|

2¢:=2¢—In (prz pzf) - ansatz
208 =67 +47 (a, +1) 5(z-2)) -4z 5(2—2,)
I A

where 47Z'a| = \/mlz B f)lz
Theorem: pf(z,)=0

204 =67 +47Y (6, +1) 6(2—12,) -4 Y 5(2—12,)
I A

Asymptotic behavior:

. ~lE-2)(z-7 i

j . d“xérR=2|, dz A¢ =const<eco - the Euler nimber
X~ =const X”=const

M
e?? =(zf)” /U:ZE_Z‘QI‘ p>=1

a4

M =

L—>0



Lapse function

p=p“g, +pd,=0 —

2
éAN +— PPl Nzﬂ5(x—q, )=
I

i
AN =—2e"9N — e‘2¢NZ T'ZF‘"Z 5(z-1,)
m,
One can prove that N (z,) is finite .
-2¢ 5(2¢) :
AN =—-e"“"N == | N= Y - general solution

Asymptotic behavior:




Shift functions

, 1 :
d. > gﬂv(gpagpa) =0 -traceless part of the
equation g,, =0

l
<y +§ﬂNv+§VNﬂ—gyﬁpr:O

J

87NZ :—Ne‘2¢p27 X pzf
l

pfzﬁsz =20,0,N
l

N* = - general solution

yA

HA( 2y, 7) ~ P(Z)
H(z—z) 3% [1.(z-24)

- meromorphic function
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Solution of Einstein’s equations

l Iqlaqlﬂ S(x-q,)

R
afal 2 aﬂ 2\/72 ql

The gauge @, =€ ¢5uv p=p*, =0

Center of mass coordinate system: Z P, =0

» 7200l
Momenta P°,=C HA( ) where C(z,, p,,) = Z p,zz Z,

H|(Z_Z| =l

The conformal factor €% =2p” p*,e*’

2A¢ = e 4 47zZ(6’, +1) 6(z-12z)) - 4%2 0(Z2—12,)|- the Liouville equation
| A

0(2¢
The lapce function N = M
oM
: . 2
Shift functions N*=—0,N+9g(z)

pZ 11



Equilibrium equations:

Dislocations axes

X=Q,
|
2, =-9(z)
=Pt e N
i ek ' o1 ]
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The Liouville equation

2AG =g +47) (6, +1) 5(z—12)) -4 6(z-12,)
I A

For simlicity consider the case of two dislocations | =1,2
25 81'(2) f_'(f)
The solution e e where
(1+ ()T (D))
YR (Z)
f(z)= > y°(z), a=12 - two independent solutions
y (Z of Fuchsian second order

differential equation

ya(Z)L_ﬂ ~(z-2 )ﬁa' Dai - local exponents
f (Z)‘Z—>Z| = )ﬂu—ﬁz.

Do — Py =6,
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The Fucksian differential equation

Y +Q@)Yy=0 Q(2)=> 1_9122 1_9222+912+922‘9£‘1
A )-8 (2= W o)
.
The Riemann scheme Zq Zy Z9
1-6, 1-6, -1-6,
2 2 2
1+6, 1+6, -1+0,
2 2 2
i M N [ O s
Lr— 4

c(l-¢)y"+|c—(a+b+1)g |y'—aby =0

- hypergeometric equation

The Riemann
scheme

0
0

ﬂZl e 1811

1
0

ﬂ22 -3 ﬁlZ

o0

a

00 0 il
PutPot+hb, |=| O 0
P+ B+ Bo 15 Chveda 2hghl
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Conclusion

1 Arbitrary distribution of wedge dislocations in elastic media is discribed
within the Geometric theory of defects.

2 The free energy is given by 3-dimensional Euclidean gravity coupled
to point particles.

2 Einstein’s equations are reduced to solving the Fuchsian differential equation

3 For two wedge dislocations the problem is solved analytically in terms of
the hypergeometric functions
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Reduction to the Riemann—Hilbert problem

b
gaﬂ > eaaeﬂ é‘ab
1

E . .
Raﬂy§ 2 €ope 75gR 2 &qpy - totally antisymmetric tensor

a

Raﬂ}/§ =0 =5 eaa ™ 8ay

The gauge: S = [d?z /dethh*’d,y%0,y, —= 0,0,y"=0
i
y? = F?(z,x°) +G*(zZ,x°) + H?(x)

. 3
L O e (e T8 holomorphic
67a = 87ya = 67a (7, X3) - antiholomorphic e.d = e,
8, =0,y =C*(°) + jdz e, + J'dfe?a
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Reduction to the Riemann—Hilbert problem

Everything is defined by €, (Z, Xs)
Let y, be a closed loop around the dislocation axis at Z;
Z Zy
v3(z) > §(z,) = jdz e +<j‘>dz o fi j dze,?
Zy 7 Z,

4
M, € SO(3) - the monodromy matrix

7(C\{z,.. 2y, 2,,}125) = SO3) = GL(3,C)

the Riemann—Hilbert problem

Show that for any representation ﬂ(C\{Zl,..., L\ } ; Zo) — GL(p,C)

there is a Fuchsian system of equations with a given monodromy 17



