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Self-consistent equations of motion
of higher-spin gauge theories

Vasiliev 1990, 2003

1) Arbitrary space-time dimension

2) No restrictions on number of SuSy
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Quantum self-consistency of

Vasiliev's theories ?

1) UV behavior ?

2) Anomalies ?
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BRST-BV approach

is powerful method for studying

quantum properties of gauge theories

(renormalization, anomalies)
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Plan:

Light-cone gauge vertices
(review)

BRST-BV approach

to mixed-symmetry �elds (review)

BRST-BV cubic vertices of

higher-spin �eld �elds
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Massless spin-1

φi

so(d-2) algebra vector �eld

i = 1, . . . , d− 2
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Oscillators

[ᾱi , αj] = δij

ᾱj|0〉 = 0
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ket-vector of massless spin-1 �eld

|φ〉 = αiφi

|φ〉 degree-1 homogeneous polynomial

in oscillators αi
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Massive spin-1

φi φ

vector �eld + scalar �eld

so(d− 2)
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Oscillators

[ζ̄ , ζ] = 1

ζ̄|0〉 = 0
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ket-vector of massive spin-1 �eld

|φ〉 = αiφi + ζφ

|φ〉 degree-1 homogeneous polynomial

in oscillators αi, ζ
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ket-vector of totally symmetric
arbitrary spin massless �eld

|φ(α)〉 = αi1 . . . αisφi1...is

φ(α) degree-s homogeneous polynomial

in oscillators αi
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ket-vector of totally symmetric
arbitrary spin massive �eld

|φ(α, ζ)〉 = αi1 . . . αisφi1...is

+ ζαi1 . . . αis−1φi1...is−1

+ .......................

+ ζsφ

φ(α, ζ) degree-s homogeneous polynomial

in oscillators αi, ζ
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|φ(α)〉 = φi1...isαi1 . . . αis|0〉

αi ⇐⇒ Ui

φ(U) � generating function for
arbitrary spin �elds

Ginzburg, Tamm 1947
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L = 〈φ|(¤ +
β

2
MABMAB − κ2)|φ〉

MAB = UAŪB − UBŪA

m2 ∼ βs2 + κ2

Ginzburg, Tamm 1947
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mixed-symmetry �elds

Increase number of oscillators

αi

αi
n n = 1, . . . , N

|φ〉 = |φ(αi
n)〉

|φ〉 = αi
1α

j
2φ[ij]
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cubic vertices

H = H(2) + H(3) + . . .

H(3) =
∫

φi1...φi2...φi3...Vi1i2i3...

Vi1i2i3... = δi1i2...δinjnpi3...pl3 + . . .
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H(3) =
∫
〈φ1|〈φ2|〈φ3||V〉

|V(p1, p2, p3;α1, α2, α3)〉

= αi1αi2αi3 . . . Vi1i2i3...|0〉1|0〉2|0〉3

Problem: �nd

V = |V (p1, p2, p3;α1, α2, α3)〉
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5 types of vertices

m1 = 0 m2 = 0 m3 = 0

m1 6= 0 m2 6= 0 m3 6= 0

RRM 1993

m1 = m2 = 0 m3 6= 0

m1 = m2 6= 0 m3 = 0

m1 6= 0 m2 6= 0 m3 = 0

m1 6= m2

RRM 2005
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Light-cone cubic vertices

General solution

V = V(L, Q, Z)

L = αipi + mζ

Q = αiαi +
1

m
piαiζ

Z = (αα)αipi + m(αα)ζ
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Illustrative example : vertex for
massless arbitrary spin s1, s2, s3 �elds

V = Z
S−k
2

3∏

a=1
(La)

sa+
k−S
2

S ≡ ∑

a
sa

S− 2smin ≤ k ≤ S

k number of derivatives
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BRST-BV approach

αi, ζ → αA, ζ, θ, b, c

|φ(αi, ζ)〉 → |Φ(αA, ζ, θ, b, c)〉

b c ferm. ghost oscillators

θ Grassmann ferm. coordinate

b̄, c̄ : {̄b, c} = 1, {c̄, b} = 1
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internal ghost number operator N int

external ghost number operator Next

Nint ≡ θpθ + bc̄− cb̄

N ≡ Nint + Next

N|Φ〉 = 0

gh(θ) = 1 gh(c) = 1 gh(b) = −1
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BRST-BV

N|Φ〉 = 0

Nint|Φ〉 6= 0

BRST

N|Φ〉 = 0

Nint|Φ〉 = 0
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Scalar �eld

BRST-BV

|Φ〉 = φ0(x) + θψ−1(x)

BV -anti-bracket

(φ0(x), ψ−1(x
′)) = δ(x− x′)

BRST

|Φ〉 = φ0
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Massless spin-1

|Φ〉 = |φ〉+ θ|ψ〉

BRST-BV

|φ〉 = αAφA
0

+ bφ1 + cφ−1

|ψ〉 = αAψA
−1

+ bψ0 + cψ−2

BRST

|φ〉 = αAφA
0

|ψ〉 = bψ0
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Free BRST-BV action

S2 =
∫

ddxdθ〈Φ|Q|Φ〉

δ|Φ〉 = Q|Λ〉
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Q = θ(¤−m2) + SApA + mS + Mpθ

pA≡∂/∂xA , pθ≡∂/∂θ

SA≡cᾱA−αAc̄

S≡cζ̄+ζc̄

M≡cc̄
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L=1
2φA

0
¤φA

0
+φ1¤φ−1

−ψ0pAφA
0
−φ1pAψA

−1
−1

2ψ0ψ0

φ−1 = 0 ψA
−1

= 0

L =
1

2
φA

0
¤φA

0
− ψ0p

AφA
0
− 1

2
ψ0ψ0

ψ0=−pAφ0

L=1
2φA

0
¤φA

0
+1

2(p
AφA

0
)2
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General setup for cubic vertices
Siegel, West, Neveu (≈ 1985)

S = S2 + S3

S3 =
∫

d1d2d3〈Φ1|〈Φ2|〈Φ3||V123〉

dr=ddxrdθr

|V123〉≡V123δ(x1−x2)δ(x2−x3)|0〉1|0〉2|0〉3
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δ|Φ〉 = Q|Λ〉 − |Φ?Λ〉 − |Λ?Φ〉

|(Φ?Ψ)3〉≡
∫
d1d2〈Φ1|〈Ψ2||V123〉

Equation for cubic vertex

Qtot|V123〉 = 0

Qtot ≡
3∑

r=1
Q(r)
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Field rede�nitions

|Φ〉 → |Φ〉+
∫
〈Φ|〈Φ||F123〉

|V123〉 → |V123〉+ Qtot|F123〉
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Qtot|V123〉 = 0

|V123〉 6= Qtot|F123〉

Adaptation to higher-spin �elds
Buchbinder, Tsulaia, et.al. 2006
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totally-symmetric �elds

αA, ζ, θ, b, c

mixed-symmetry �elds

αA
n , ζn, θ, bn, cn

n = 1, . . . , N

N →∞
Sagnotti, Tsulaia

tensionless limit of string

N < ∞

Alkalaev, Grigoriev, Tipunin
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BRST cubic vertices

General solution

V = V (L, Q, Z)

L = αApA + mζ + pθc

Q = αAαA +
1

m
pAαAζ + bc

Z = (αα)αApA + m(ααζ)

+(αα)pθc + bcαApA + . . .
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5 types of vertices

m1 = 0 m2 = 0 m3 = 0

m1 = m2 = 0 m3 6= 0

m1 = m2 6= 0 m3 = 0

m1 6= 0 m2 6= 0 m3 = 0

m1 6= m2

m1 6= 0 m2 6= 0 m3 6= 0
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m1 = 0 m2 = 0 m3 = 0

o�-shell vertices (metric approach)

Manvelyan et al (2010)

On-shell vertices (tensionless limit of
string amplitudes)

Sagnotti, Taronna (2010)

o�-shell vertices (BRST approach)

Fotopoulos, Tsulaia (2010)
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V = V (L(1), L(2), L(3), Z)

Z = Q(12)L(3) + cycl.perms.

δQ(12) = c(1)L(2) − c(2)L(1)
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