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Massive Gravity

-

A deformation of GR that allows to explain the observed
universe acceleration = m ~ 1/(cosm. horizon size).

Problems: does not reduce to GR in the weak field
when m — 0 (VdVZ discontinuity), has a ghost, no
unigueness.

Remedies seem to exist for some of these problems
(Vainstein mechanism). Very recently a class of models
has been discovered that seem to be free of the ghost.

We wish to study black holes and cosmologies in these

models.
J
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|. Massive gravity in D=4
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Non-linear Pauli-Fierz

-

4D manifold with two metrics
gu(z)  and  fu(x) =napd X (2)0,X" (x)
and the action

1

S =—
IrG

1
(—5 R+ m2£im> vV —g dz + S(mat)
where L, Is a scalar function of H% = g%’ f,5 — 5g

Line = S((HS)? — HH) + O((H))

Theory is not unique, but has a unigue weak field limit.

o |
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EOM for g,,, X

G = mQTW + 87TGTL(£1at)

with
8£int
T,uu — QW _ g,uuﬁinta
varying with respect to X4 gives
VAT, = 0.

The matter equations imply
VAT — .

In the unitary gauge, X“ = z* and f,,, = ,,, In the weak
Uield limit g, = 0, + hy ONE recovers the
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Pauli-Fierz equations

- N

1 1 mat
SOt} = o m (s — ) + 82GTE™

which imply 4 constraints
oth,, —0,h = 0.
Taking the trace gives the fifth constraint
3m2h = 160 GTMmat)

= there remain 5 degrees of freeedom of massive graviton.

For generic g, there are 5 degrees + 1 extra state with
Lnegative norm — Boulevard-Deser ghosit. J
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ll. Ghost free theories
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The RGT massive gravity
B -

m2

Lint = 7(K? — KKl with | KE =08 — /gl fr

174 174

IS claimed to be ghost-free and unigue up to 2-parameter
deformations /de Rham, Gabadadze, Tolley "10/.

For: Hassan, Rosen (2011); Mirbabayi (2011); Golovnev
(2011); Hassan, Rosen (2012); Kluson (2012); Hassan,
Schmidt-May, von Strauss (2012)

Against: Creminelli, Nicolis, Papucci, Trincherini (2005);
Chamseddine, Mukhanov (2010-2011)

No asymptotically flat black holes. No Schwarzschild.

o |
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The ghost-free bigravity
B -

1
S = — Ry—gd'c — —— [ R+/—fd*x
167G / T 160G /
+ o | Lwv/=gd'e + Sulgu, matter].
1 2 1% C3 o v
Ling = 5(K* = KyK}) + yewaeaﬁv KNKGK?
C4 S
+ 0 Evpoc P KNKYKPKY |

o =m’cos’nand G = Gtan’n  (massive gravity for n — 0)

LK# = ol — A1 A%, = g"° f;u| [Hassan, Rosen '11/ J
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Taking the square root

Two tetrads e’ and wy,

v __AB p v
g'u — T 6A€B7

the local SL(1,3) x SL(1,3) =

p _ K
e WRBy = EpWAy

Then

A B

f/u/ — NABW, Wy,

(e)

_ A
/Y'uu — \/g,uafm/ — eiwy

|
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Field equations

- N

Gf\ — m’cos’ N Tf + 87TGT(ma’t)’;\ : g§ — mZ2sin? n TP

with T¢ = 70— 60Lum, Tf=-Y"20

e
C3
= (00 =38 =908 = 5 e EEL K
C4
- 7 EAWJEO‘BWSWZKgK,’;Kg .

# Reduces to the RGT massive gravity for n — 0 if f,,,
becomes flat.

® g,=fuw=T/=T)=0= G =0= vacuum GR

o |
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Spherical symmetry
Y

ost general case

e =

1
dt, elzﬁdr, e’ = RdY, e?’:Rsinﬁdgp

1
Q
W =aQdt + ¢cNdr, w'=—cQdt+ bN dr,
w? = uRdY, w? = uR sin Vdyp
where a, b, c, Q, N, u, R functions of ¢, r. Two different cases:
® c = fyor # 0 = metrics are not simultaneously diagonal

® c = fp = 0 = metrics are simultaneously diagonal

o |
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Ill. Self-accelerating cosmologies
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A.H. Chamseddine, M.S. Volkov arXiv:1107.5504 T

G.D’Amico, C. de Rham, S. Dubovsky, G. Gabadadze,
D. Pirtskhalava, A.J. Tolley arXiv:1108.5231

A.E. Gumrukcuoglu, C. Lin, S. Mukohyama arXiv:1109.3845
M.S. Volkov arXiv:1110.6153
M.S. Volkov arXiv:1205.5713
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Non-diagonal f,,,
B -
ds® = Q*dt* — N2dr? — R%d0O?,
df? = (aQ dt + cN dr)* — (N dr — ¢Q dt)* — u* R*dO?.
FRW = GY=T)=0=

1
u = (263—|—C4—1Z|Z\/1—63—|—C4—|—C§>
C3 + C4

(9) .
= TO = T7 = const. = 0=V , T = 2(Q/Q)(T" — T¢) with

T — T8 = (c3u —u— ¢34+ 2)((u— a)(u — b) + )

r

L =

Ho_ 7
T!" = const X 0,

|
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Equations

(A) G = NSV + 8rGT™*,
(B) Gl = Aol
(C) (u—a)(u—"b)+c*=0

A = micos®n(u—1)(cgu —u — c3+ 3),

8 1 —
A = mZsin’n 2u (c3u — c3 + 2)
U

SrGT™ I — diag[p(t), —P(t), —P(t), — P(t)]

Equations (A) decouple from (B)+(C)

o |

Hairy black holesand self-accelerating cosmologiesin the ghost-free bigravity —p. 16



Solutions for g,
K

RW, cosmological term + matter =

ds* = a(t)? (dt2 o r2d§22> k=0,=+1
N 1 — kr? ’ -
2 k 2
2 ; 2 A +p, = self-acceleration

o |
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Solution for f,,
- .

Gh=A" and (u—a)(lu—b)+ct=0 ()
should be fulfilled by

df* = a®(adt + cdr)? — a®(bdr — cdt)® — U?dQ?

where a,U = uR are already fixed.

1. Choose U as new Schwarzschild coordinate.
2. Change t — T to get diagonal metric
3. Solve = solution iIs AdS

2 A
de:AdTQ—d%—UQdQQ, A:1—§U2

L4. Choose T'(¢,r) such that(x) is fulfilled J
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Determining 7T°(¢, r)
- -
df* = (6)? = (61) = Ud* = (W)° — (w')? = U?dQ*  with

dU
oV = VAT, 0' = —, ¥ =aladt+cdr), w'=a(—cdt+bdr).

VA
U = ua(t) fx. One has to have
W =1+ a26° + bt w!' =V 1+ a26! + b’

Collecting coefficients in front of dt, dr expresses a, b, ¢, a In
terms of U and T'(¢,r). Imposing

(u—a)(u—>b)+c*=0

Lthen gives J
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Solution for T'(t, r)
- -

ALA_(UT' — TU' — v?a® + uay/ALAZ/A)

. =0,
(AZT 4+ U’)?
with AL = A2T + U’ + (AT + U).
Ay =0
0 U(xy +x_ 04 —2_)
T = dy + F(z_
L/1£¥%x+—%x,x+——x) T+ + Flz-),

where
U(t,r) = ua(t) fr(r), A2 =1-— (/N\/B)U2

Boost between ¢, and T', U is lightlike.

|
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°

Properties of the solution
Exists for any m, n, c3, c4. T

9.« FRW with open, closed or flat sections.
Matter-dominated at early times, A-dominated at late
time = self-acceleration at late time.

fus AdS. When i — 0, A ~ sin®n — 0= £, is flat.
df? = dT? — dU? — U?dO? = dF? — 2dUdF — U?%dQ?,

where the Stueckelberg scalars T'= —-U + F(t — r)
where U = ua(t) fi(r) = massive gravity soluiton

The two metrics are separately diagonal in two
coordinate systems related by a lightlike boost.

Static Schwarzschild-de Sitter with non-diagonal f,, . J
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V. More exotic cosmologies

M.S.V. JHEP 1201 (2012) 035
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Diagonal metrics

- N

dr?
1 — kr?

ds* = dt* —a*(t) ( + 7“de2> . k=0,%+1

dr?
2 2 2 20\ .2 2 102
df“ = a“(t)dt* —o“(t)a (t)(l—kr2+r dQ).

Equations reduce to the mechanical problem

a’+Ua) = —k

U(a) Is expressed in terms of roots of an algebraic
equations = several solution branches.

o |
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Physical and exotic cosmologies

i} I I I I I I
0 0.2 0.4 0.6 0.8 1 0 0.5 1 15 2
a a

® physical: total energy pior = m*cos? nTY + p ~ p as
a— 0.

® exotic: m?cos?nTY ~ —p, piot ~ p>/3 can be negative =
solutions can be non-singular.

L.p fuv 1S not flat for n — 0 = no massive gravity limit J
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V. Hairy black holes

M.S.V. arXiv:1202.6682
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Static, diagonal metrics

- N

2_22_d_7“2_22 2_22_U_/2_22
ds® = @Q°dt 372 red€)”, df = a“dt Yd?“ U~df)

Q,N,Y U, a are 5 functions of r, they fulfill 5 equations

G) = micos®n Ty,

G" = m“cos*n T,
Go = msin®n7Ty,
G' = m’sin®n T
Q' 2

17 G (I = T) + () 1) =,

o |
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2NN’

QNQQ/

Equations

Y

r2

N% -1 N
-+ + m2cos®n (&1—U/+052> +p =0,

N2 1

4+
r2

—|—m2008277 (cn % —|—042> — P =0,

(YZ — 1+ m?sin®na3}NU' +2UNYY' + m?sin®nYay = 0,

{a(Y? = 1) +m*sin’nas}U' +20Y?%d’ =0,

agU’ + ara’ =0,

where a7 ... a7 are

o

|
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a1

a2

a3
8 %1

a5

a6

a7

+ o+ 1+

2((34 + 2¢c3 — 1)U B (C4 + C3)U2
r r2
2(3 —cs —3e3)U  (ca + 2c3 — 1)U?
+ 2
T T
caU? — 2(c3 + ca)rU + (ca + 2¢3 — 1)r?,

(3 —ca —3¢3)r? — (ca + c3)U? + (4¢3 + 2¢4 — 2)rU,

[(a — Q)ea — Qe3lU? +[2(2Q — a)ez + (Q — a)ea — QIrU,
[(2a — 3Q)c3 + (a — Q)ca + 3Q — a]r?,

Q'N[(3c3 +cs —3)r% + (2(1 — c4 — 2¢3))Ur + (ca + c3)U?],
2Q(Y — N)[(83 —c4 — 3c3)r + (ca + 2¢c3 — 1)U],

2a(N —Y)[(1 — c4 — 2¢3)r + (¢4 + c3)U],

Y[(3 —ca —3c3)r? +2(ca + 2¢3 — 1)Ur — (cq + ¢c3)U?].

3—3c3 —cq +

Y

4deg +c4 — 6 +

Y

|
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Background black holes

- N

2 2 2 1,2 dr? 2 12
f,uV:Og,uua dS :th—m—’rdﬂ,
oM Ar?
N2:1—7—%, A =m*(C —1)(a2C® + a1C + ap).

where C'Is a root of
(C' = 1)(b3C° + b2C? + b1C + bg) = 0,
and ay, bs depend on ¢z, cq,n. Ifn=1,c3 =0.1, ¢4 = 0.3,

(C1.Cy, O3, Cy} = {1: —0.6458:2.6333 : —8.55661,
A(Cy)

m2

L:> Schwarzschild, SdS, SAdS J
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U, a backgrounds

2M
N? = 14+ m?cos*n((1 —2c3 — ¢ )U* — —
-
41,
+ (363—|—C4—3)UT—|—(2—§63—§C4)T ),
Q _ am2008277 "odr . Y:mzsinzn T@fj
N 2 ). zN3 20 ), N

F = (64 — 3+ 303)562 + 2(1 — 2¢c3 — C4)U$ -+ (63 + C4)U2

U, a, M, r1, ro constants.
g, approaches AdS as r — oo in the leading order.

frr = 0= f,, is degenerate. If U — const as r — oc then
Lthe proper volume is finite — spontaneous compactification. J
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Event horizon atr = ry,

B -
NZ:Zan(r ry)", Zb r—rp)", U:uthchn(r—rh)"

n>1 n>1 n>1

an, by, ¢, depend on one free parameter « (and ¢ = £1).

® Horizon is common for both metrics

# Set of all black holes is one-dimensional and labeled by
u = U(ry)/ry = ratio of the even horizon radius

measured by f,,, to that measured by g, .

o |
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Horizon temperatures

- N

goo = Q2 = (]2{7“—7“h+z cn(r—rp)"},  foo = a® = CI2 Zdn(r_rh)

n>2 n>1

¢ — timelike Killing. Surface gravities (T = x/2m)

1 (9) (9) 1
Ky = —59"0us Vi & vagﬁ—gnghQQN’?—ZqQa
1 ) W Y 2 1 4 dib
2 _ T orua 5_ _ 2 W1U1

! -
Deffayet, Jacobson 11
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Strategy
- -

# Solutions are obtained by integrating from the horizon
for a given value of v« = U(r;,) towards large r.

#® For u = (). they are the background black holes.

® For u = C} + ou they describe hairy deformations of the
background black holes.

For uw = 1 + Jdu they describe hairy deformations of the
Schwarzschild black hole.

o |
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Deforming Schwarzschild

- - N

T T ~
T 12 F

[ u = 1.00001
il u = 1.0001
Al ll u = 1.001
06
3t o4t u=1.01
02
2 -
0 -
1F 02|k
ol 04 F
| 1 | | | -0.6 | | |
0 2 4 6 8 10 12 0 2 4 6 8 10 12
In(r/rp) In(r/rp)

# Close to Schwarzschild for r < ryax(u) but approaches
U, a for r — co.Deformations stay small close to horizon
but are always large at infinity.

o |
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Deforming Schwarzschild-AdS
=

u = Cr+ou (k= 2,3), deformations stay close to the horizon

-

101 F T T T T T T ] T T
afag 3 u=263
099 1 /// T 2.6 J,“?;.,;;\:u,}:;—;;;QE‘_—';—;—&"”’ e
098 | s 24f \
S \\\ :,-“':f u=2.8
097 | 2208

", 2 i \\\".., 6}"\ — 2.
096 | Vo U !

18 \\ j\ 3
095 . o u =
Y/Yy 16 |

| | | |

0 1 2 3 4
In(r/rp)

0.94

1 1 1 1
5 6 7 0 1 2

Ny, Qo, Yy, ag correspond to the background AdS.
Hair is localized close to horizon.

o |
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Deforming Schwarzschild-dS

-

u = Cy~+ ou with du < 0 (left) and du > 0 (right).

-

2 T T T T T

T 1, |
15 1 T9/30 17 /30,
0 ,/'/
o | -

Lp ;‘ . 05 |

05 -
ID(Q/N) ______ 0

O b e
LB [ U'/QO I ’ éﬂf l

1 n(Q) ‘ n Tij30. T9/30 -
o 02 04 06 08 1 0 02 04 06 08 1 12 14 16 18

In(r/ry) In(r/ry)

Deformations become singular at a finite distance from the
horizon — solutions are compact and singular.

o |
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Generic solutions — arbitrary u

- N

3F

2o u=12
2_
15 F
1

05| M u=1.01 J
0F 4

05 F
n u=—0.6

0 1 2 3 4 :5 6
In(r/ry)

U/

1 1 1
7 8 9 10

Generic solutions are either asymptotically AdS, or U, a, or
they are compact and singular.

The only asymptotically flat is pure Schwarzschild.

The only asymptotically dS is pure dS.

o |
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Special solutions forn = 0

-

fu 1S fixed and Schwarzschild

1.01 ! 1.01 ! .
1r ]

1F
0.99 :

0.99
0.98 | :

0.98 /

0.97 f; / 1
097 - 096 L |
0.96 ' 0.95 ' !
0 1 0 1 2 3 4 5 6 7 8

In(r/ry)

Tachyonic oscillations around flat metric at infinity

N=146N, Q=1+6Q/r, U=ux+0U

| SN ~ 6Q ~ 06U = exp{iv2m(r + 1ln(r))} .
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VI. Globally regular solutions

M.S.V. arXiv:1202.6682

Hairy black holesand self-accelerating cosmologiesin the ghost-free bigravity — p. 39



Lumps of pure gravity

-

Solutions with a regular center at » = 0, curvature is
bounded. At » — oo the same asymptotic behavior as for
black holes. Can be viewed as black hole remnants for

r, — 0 — globally regular soliton deformations of AdS or U, a
by the graviton massive modes.

-

IQ/ N | | IN /N AD | 25 | | | ' ,,,,, ]
T T ——e —
"""""""""""""""""" 2 In(Y/N?
. (/)
05 - 15
T T QN
0.5
0.5 e a / N =
°r a |u=-0.1
1 b U/ I E—— P e U
0 05 1 15 2 25 3 35 4 0 1 2 3 4 5 6
In(1+7) In(1 4 r)
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Asymptotically flat stars

One adds 7™+ — diag(p, —P,—P,—P), p(r) = p.(r—ry)

Diagonal metrics

U/2
_ W

d 2
ds® = Q2?2 — 2 12402 df? = o2ds?

3 dr® — U*d$)

Regular origin: curvature is finite

Spatial infinity: metrics are flat + massless Newtonian +
massive Yukawa corrections.

3 Globally regular solutions with such boundary conditions

o |
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Solutions

1.02 ,
a/Y
0.008 1 i,i,f,,—,,t,:,,‘7*4:???;77’*—77,77‘,,‘,,",,r:,._.‘ - P———
oss | OIN
0.006 Y
0.96 |- /
L /U
0.004 F -2 ) 0.04 L
\ ‘
‘//
!
0.92 /
0.002 - /
09 !,"
/
0 o L
0.88 L
0 0.5 1 15 2
In(141r)

grr:NQZ 1—2Mg(7“)/7°7 frrzy2/U/2: 1—2Mf(7“)/7“

0 < My, My — Asin®n. If m — 0 then M, ~ const near the
Lhorizon = Vainstein mechanism in the ghost-free theory

(Wlth g h OSt —_ D Effayet’ B ab | C h eV, Z | @'vulrck Qﬁﬂf@icc)leraﬁng cosmologiesin the ghost-free bigravity — p. 42



Summary of results

-

Most general self-accelerating cosmologies in bigravity
and massive gravity. Physical metrics — FRW, second
metric — AdS.

More exotic bigravity cosmologies for which the graviton
contribution to the energy can be large and negative.
Can be non-singular at t = 0.

Haliry black holes of several different types. Not
asymptotically flat (apart from pure Schwarzschild),
reduce to the lumps of pure gravity when r;, — 0.

Static asymptotically flat solutions with matter (stars)
exhibiting the Vainstein mechanism.

|
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