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Wave pattern selection in excitable media  

V.S. Zykov and E. Bodenschatz,   MPI Goettingen  



Rotating spiral waves and wave segments  

Electrical activity in cardiac tissue Aggregation of Dictyoselium discoideum 
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Monday, July 18, 2011 The Belousov-Zhabotinsky reaction NADH waves during the glycolysis 



Simulation of wave processes  

∂u
∂t
= F(u,v)+D∇2u,

∂v
∂t
= ε G(u,v)

TT wave TP wave 

J. Tyson and J. Keener  (1988) 

D. Barkley (1991) 



 The FitzHugh-Nagumo model 
∂u
∂t
= D∇2u+F(u,v),

∂v
∂t
= εG(u,v),

F(u,v) = 3u−u3 − v,
G(u,v) = u−δ

F(u,v) ≈ −v− 6(u+ 3), | u+ 3 |<<1

F(u,v) ≈ −v− 6(u− 3), | u− 3 |<<1
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Kinematical model of a stabilized wave 
segment 

ct = cs = c0 −Dkm

c0 −Dk
+ = ct cos(Θ

+ )

cp(v
− )−Dk− = ct cos(Θ

− )

ctdv / dx = −εG
*

“Critical finger”  Karma, PRL, 1991; ” Wave segment”  Zykov, Showalter, PRL, 2005  

tc
cn = cp(v)−Dk

k± = −dΘ± / ds
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Front of the wave segment 



v− = v+ +G
*ε
ct
[x+(y+ )− x−(y+ )]

D dΘ−

ds
= −c0 +

G*εα
ct

(x+ − x− )+ cos(Θ− )

S = c0s /D, X± = c0x
± /D, K = Dk / c0

dΘ−

dS
=
B(X+ − X− )

Ct

−1+Ct cos(Θ
− )

B = G*ε
α 2Δ3

B = 2D
duc0

2

Θ− = π / 2, X− = 0; Y − =Wc0 /D, S = 0
dX− / dS = sin(Θ− ), dY − / dS = −cos(Θ− )

Y − = 0, Θ− = π

Back of the wave segment 
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alternatively 



Selected values 

.
21

)1(arctan
1
2

22
tt

t

tt
CC

C
CC

W π
−

−

+

−
=

Ct =1− (Bc −B) / 0.63, 0.1< B < Bc = 0.535
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Kinematics of a rigidly rotating curve 
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cn = cp −Dk

Zykov, 1980 



Kinematics of a wave front 

++ −= KCn 1

Dimensionless equations 

Scaling 

n

n

KC
dS
dC

KC
dS
dC

−=

+Ω=

τ

τ

2
, //

/,/

pp

pp

cDckDK

DscSccC

ω=Ω=

==

Ω = 0.1333

Zykov, 2008 

Cn
+(0) = 0

Cτ (0) =Ct

Ct = 0.4206



Kinematics of a wave back 
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Two selected relationships  

22/3 )1(133.0)1(198.0 tt CC −+−=Ω

331.0=Ω

)(BFBΩ=ΩZykov, 2008 

Ω = 0.198(1−Ct )
3/2 Hakim and Karma, 1999 



The Kessler-Levine model  
∂u
∂t
= F(u,v)+D∇2u,

∂v
∂t
=G(u,v),

F(u,v) = −χ u+ AH (u− a)[1−H (v−τ )],
G(u,v) = H (v)
vmin << τ < τ aref < τ rref

a = amax −η
v−τ aref

v
$

%
&

'

(
),

η = (amax − amin )
τ rref

τ rref −τ aref

cp = χD(A / χ − 2a) / a(A / χ − a)

€ 

0 < v < τ

D. Kessler and H. Levine  (1993); H. Levine, I. Aranson, L. Tsimring, and T. Truong (1996) 

cp



Kinematical model of a stabilized wave 
segment in the KL model 

Ct =1−Km

Cn =1−K
dΘ
dS

=Ct cos(Θ)−1

dX
dΘ

=
sin(Θ)

Ct cos(Θ)−1
dY
dΘ

= −
cos(Θ)

Ct cos(Θ)−1
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X =
1
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ln 1
1−Ct cos(Θ)

,

Y = −
Θ
Ct

+
2

Ct 1−Ct
2
arctan

(1+Ct )tan(Θ /2)
1−Ct

2
.

Ct = ct / c0, X = xc0 /D, K = kD / c0

(b)(a)



Kinematical model of a stabilized wave 
segment in the KL model 

(b)(a)
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Wave segment selection 
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B =
2D
c0
2τ
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Spiral wave selection 

c_0= 2.000000
V_0= 0.800000

om=    0.552
R=    1.4497

€ 

cp = 2.0
ct = 0.8

ω = 0.552
R =1.4497



Spiral wave selection 

c_0= 2.000000
V_0= 0.800000

om=    0.552
R=    1.4497
alpha= 0.520503
tau=    0.943

€ 

cp = 2.0
ct = 0.8

ω = 0.552
R =1.4497
α = 0.52
du = 0.943

€ 

α



Spiral wave selection 

c_0= 2.000000
V_0= 0.800000

om=    0.552
R=    1.4497
alpha= 0.520503
tau=    0.943

B= 0.530110
OMEGA= 0.137962

€ 

cp = 2.0
ct = 0.8

ω = 0.552
R =1.4497
α = 0.52
du = 0.943

B = 0.53
Ω = 0.138
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B =
2D
cp
2 du
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Ω =
ωD
cp
2



Two selected relationships  

€ 

Rq = Ct /Ω



Two selected relationships  

€ 

Rq = Ct /Ω

€ 

Bmin =
2*0.331

π
≈ 0.21

€ 

Bcp =
2
Lcp

=
2
2.04

≈ 0.98

 V.S. Zykov, N. Oikawa, and E. Bodenschatz, PRL (2011) 



What is a pulse duration? 

€ 

B =
2D
cp
2 du

du = µτ + (1−µ)d

µ= 0.85

τ < du < d

(b)

(a)

Tuesday, March 13, 2012
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µ = 0



Summary 

- The critical value of the parameter B found for TP waves differs  
  from one obtained earlier for TT waves. The minimal value of the  
  parameter B is the same in both cases  

-Free-boundary approach reveals the selection principle, which 
 determines spiral wave and wave segments parameters vs the 
 medium excitability specified by the parameter B in the case of  
 both TT and TP waves 

- The results obtained in the framework of the free-boundary  
 approach are in a good agreement with the data of the reaction- 
 diffusion computations 


